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Abstract

Implementation of inheritance in programming languages as they are does not impose any restrictions
regarding the relation between the superclass and its subclass. This means that in principle it is al-
most possible to derive any class from any other. On the other hand, from the theoretical point of view
the inheritance models a specialization relationship, meaning that logically the subclass must be a
specialization of the superclass. Breaking this rule causes serious problems especially with polymor-
phic replacement. This fact is a motivation to introduce the concept of correct inheritance and to estab-
lish the appropriate conditions that must be satisfied by the subclass. In the present paper, we discuss
such formal conditions and develop a formal recursive algorithm for automatic verification of inheri-
tance. The solution is based solely on the first-order predicate logic.
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1. INTRODUCTION

Programming languages as they are do not impose any
restrictions on the real relationship between the classes
that are connected by inheritance. By using private in-
heritance in C** [5] or by combining the inheritance me-
chanism with interface implementation in Java [6, 15] it
is technically possible to derive any class from any
other. On the other hand, overriding a method inevitably
influences the invariant and may cause problems with
polymorphic replacement. For instance, let the
predicate:

IS, = (this = null) v [(this = null) A (x > 0)],
be the strong invariant of some class K, and the
predicate:

IS, = (this = null) v [(this = null) A (x < 0)],

the strong invariant of its subclass L in which some
method M is overridden:

public class K {
protected int Xx;
public KO {x=0;}

Y public void m(Q) {x++;}

public class L extends K {
public void mQ) {x--:;}
}

If an object obL from the subclass is in a valid state in
which IS, holds but not IS, and if the polymorphic

assignment obK=obL is executed, then the object obK
from the superclass will be left in an invalid state. In that
way, the object obK will disturb the correctness of the
entire program. We must stress that such situations are
possible and can be implemented in any object-oriented
programming language without restrictions imposed by
the language itself.

The solution has to be found somewhere else, and
namely in the Substitution Law [13] i.e. in subtyping [2,
11]. Both rules prescribe that the polymorphic
replacement of the superclass instance by the subclass
instance must not in any way change the behavior of
the client software. Meyer [14] states that the
overridden method may weaken the precondition and/or
strengthen the postcondition of its original.

This paper describes a recursive algorithm that verifies
the correctness of inheritance, meaning that it checks if
methods break the global relationship between the
class and its subclass.

We start with an obvious conclusion that the creation of
a class by inheritance means that it consists of the
content taken from the superclass with modification
(e.g. overriding) or without modification (i.e. inheritance
in a narrow sense, as defined in [1]) as well as the
additional part defined in the subclass. We will restrict
our considerations only on the single superclass leaving
the multiple inheritance for the future work.
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2. BASIC CONCEPTS

Definition 1. (Abstract state space) The abstract space
of the class K is a nonempty finite set of abstract
states U that is assigned to the class K.

The set of all fields of the class K is denoted by @, .
Assuming that there is at least one field in the class it
follows that @, #d, so U, #@. With every abstract

state from the set U, we associate a field vector

0= (@1, ,) . The abstract state space U, we di-
vide into two disjoint parts, namely the sets of valid
states V, and invalid states N, . The set of valid

states V, is assumed to be nonempty. Null-state 0 is a

valid (quasi) state that an object occupies before its
construction or after its destruction, i.e. when

this = null , where this stands for the representative
object. The set of all methods in the class K is
denoted by M, provided that M # 3.

Definition 2. (Invariant) An invariant in the class K is
every predicate |, defined over its abstract state

space U that is true in every valid state.

Definition 3. (Strong invariant) Strong invariant in the
class K is any predicate 1S, defined over U, with
the properties:

1) IS, is an invariant in the class K,

2) If | is an invariant in the class K then
VseU,, IS, (s)=1(s).

Note that the invariant must be true in all valid states,
whilst in invalid states it may or may not. In the class K
a strong invariant always exists and it is unique up to
the level of equivalency. Strong invariant completely de-
fines the set of valid states, i.e.

Ve ={s|seU,, IS, (s)}.
Hoare triples [8, 9] are two special formulas of the first-
order predicate calculus [10] defined over the abstract
state space U, . We introduce dynamic form of the
total correctness formula (DTCF) in the object-oriented
environment:
VS[P(s) = 3s'm(s,s') A Vs'(m(s,s') = (ﬁ(s, s)1.

shortly denoted by {P}m{(j} where the postcondition

Q(s,s') is now dynamic [12], meaning that it is a func-
tion of initial and final states, thus representing the tran-
sition function. In order to avoid confusion we will de-
note dynamic postconditions by the sign “ » ”. The
structures of static and dynamic total correctness for-

mulas are the same. The predicate Q(S,S') can be for-
mally replaced by the predicate R(S') such that

VsVs'Q(s,s') < R(s"),
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so the mathematical apparatus developed in the scope
of static postconditions may be used for dynamic with-
out any restrictions, e.g. all general laws of Hoare logic
hold in dynamic environment as well, such as the laws
of consequence, conjunction, disjunction etc. The inter-

pretation of formula {P}M{Q} is the following — if the

predicate P is true in some state then the method m
terminates from that state and the transition will occur

that satisfies the dynamic predicate é The set of all

states from which a method terminates is described by
a special predicate called guard [3, 4, 7].

Definition 4. (Guard) The guard of the method m

denoted by I'(m) is a predicate with the following

properties:

1) {T(mM}I{ T}, ie. if the precondition T'(m) is
satisfied than the method M must terminate,

2) {PIm{1}= Vs(P(s)=T'(m)(s)).

Definition 5. (Strongest dynamic postcondition) The
strongest dynamic postcondition of the method M with

respect to the precondition P is predicate S(Z]p(m, P)
if:

1) {PIm{sdp(m, P)},
2) {PYIMQ}= Vsvs'(sdp(m, P)(s,s') = Q(s, s')).

The most important case is the strongest dynamic
postcondition with the guard I" as the precondition. Let
M be a method of the class K . The dynamic predicate

sdp(m,T"(m)) determines all valid transitions that can
be accomplished by m and only them.

3. CORRECT INHERITANCE

Let the class L be a subclass of the class K. Let 1S,
be a strong invariant of the class K over the fields

f =(f,,..., f,). Let the state space of L be defined
over the fields 4_0:(f1’---’ f.,0,...9,), and o\ f
denotes the restriction of the vector g; on f.Let & be
a state, which satisfies 1S, ((;\T) and does not satisfy

ISK(?). If the instance obL of the class L is in this
state and if the polymorphic assignment obK=obL is

executed, where obK is an instance of the class K,
then obK will enter an invalid state. This implies

1S, (p\ f) = 1S, (f).

Further, owing to the fact that every valid state of class
L is described by exactly one n-tuple (f,,..., f,), it

follows that ISL(E)) = ISL(E)\?) , implying
IS, (p) = 1S, (f).
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Definition 6. (Correct inheritance) Let the class L be a

subclass of the class K and let IS, and IS, be their

strong invariants. We say that inheritance is correct iff
IS, = IS,.

The Definition 6. describes the global disposition of a
subclass to its superclass and if it holds then polymor-
phic assignment obK=0obL will not disturb correctness.

4. VERIFICATION OF INHERITANCE

Let the class L be a subclass of the class K. We di-
vide the set of subclass L methods into disjunctive

subsets: M with constructors, M| with inherited me-

thods, M of overridden methods and M/ with

added methods. Inherited methods may invoke the me-
thods that are overridden and thus indirectly change the

behavior of an instance. Let the union of M|, M ? and
M be denoted by M /" .

The class L constructors create objects and put them
into initial states. Let the predicate ISE describes all
the initial states of class L objects and only them.

Now, consider the set M %" ={m,,...,m_}. Let us form

the following recursive sequence of predicates:
Algorithm 1.

Z,=18}
Z,=Z,v s&p(ml, Z) V..V s&p(mn, Z,)
Z,=2Z,v s&p(ml, Z)V..v s&p(mn,zl)

Let Z={Z,,Z,,...} be a set of the predicates descri-

bed above. Apparently, the set Z is a complete chain
since every subset of Z has both lower and upper
bounds. Define the function o :Z — Z in the following
way:

o(2)=zv s&p(ml, Z) V..V s&p(mn, 7),2eZ.
The function o is monotonic on the complete chain Z ,
i.e.
(z=y)=(c(@)=0o(y). 2,yeZ,

so by Tarski theorem [16] it has a fixpoint Z. on the

fix
set Z for which
Z

fix

=7, )2 fix.
Theorem 1. (Correct inheritance) Let the class L be a

subclass of the class K . The inheritance is correct iff
OvZ, = ISK ,

fix

where O stands for null-predicate this = null .
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Proof. The subclass L constructors create objects and
put them into initial states described by Z,. Consider

an object of the subclass L that is in the initial state.
The predicate sdp(m,Z,) describes all states that this
object can reach by invoking the method me M 1OA.
Then, the disjunction:

s&p(ml,ZO) V..V s&p(mn,Zo),

describes all states that this object can reach by
invoking all methods from set M [OA. The next step is:

Z, =72,V sEIp(ml, Z)V..v soTp(mn,ZO)
and we obtain predicate Z, that includes Z, states

and states reachable from Z,. We recursively repeat

this step and obtain fixpoint Z that describes all

fix
states reachable by subclass objects. Based on that,
we conclude that predicate O v Z, is strong invariant

in the subclass L. By the Definition 6. and by
OvZz

the inheritance is correct.

= IS,

fix
Q.E.D.

4.1 Example 1

Let us consider the following superclass K and its
subclass L :
public class K {
protected int Xx;
public KO {x=0;}
public void mQ {
iT(x>=6) throw RuntimeException();
X++
3
}

public class L extends K {
public void m(Q) {
if(x<=-6) throw RuntimeException();
X--;
}
}
The predicate
IS, = (this = null) v [(this = null) A (0 < X < 6)],

is a strong invariant of the superclass K. The
superclass constructor leaves the object in the initial
state that satisfies

IS = (this = null) A (x =0).

For the overridden method M, we create the recursive
sequence of predicates:
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Z, = (this = null) A (x = 0)

Z, =(this=null) A (-1<x<0)
Z,=(this=null) A (-2<x<0)
Z,=(this=null) A (-3<x<0)
Z,=(this=null) A (-4<x<0)
Z, = (this=null) A (-5<x<0)
Z,=(this=null) A (-6 <x<0)
Z, = (this=null) A (-6 < x<0)

Since Z¢ = Z,we conclude that the predicate Z; is a

fixpoint. Since O v Z; = IS, does not hold, we infer
that the inheritance is not correct in this example.

4.2 Example 2

Now, let the class T be a class derived from the same
class K in the following way:
public class T extends K {
public void mQ) {
if(x>=5) throw RuntimeException();
X++;

}
}

The superclass constructor leaves the object in the
initial state that satisfies

1S° = (this = null) A (x = 0).

The recursive sequence of predicates for the method
m is now:

Z, = (this = null) A (x = 0)

Z, = (this=null) A(0<x<1)
Z,=(thisznull)A(0<x<2)

Z,=(this=null) A (0<x<3)
Z,=(thisznull)A(0<x<4)

Z, = (this = null) A (0< x <5)

Z, = (this=null) A(0<x<5)

Since Z, =Z;, the predicate Z is a fixpoint. Further,

since Ov Z, = IS, we conclude that the inheritance
is correct in this example.

6. CONCLUSION

Since it is technically possible to derive any class from
any other, we introduced the concept of correct inheri-
tance and established the appropriate conditions that
must be satisfied by the subclass. These conditions
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describe the global disposition of a subclass to its su-
perclass. Based on them, we formulated and presented
a recursive algorithm for automatic verification of inheri-
tance. Our future work will be directed towards further
research of interclass relations and their automatic
verification.
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Rezime

Realizacija nasledivanja u programskim jezicima ne postavlja nikakva ograni¢enja u pogledu odnosa
potklase i natklase, odnosno u praksi je moguce iz jedne klase izvesti bilo koju drugu klasu. Medutim,
sa aspekta teorije, nasledivanje modeluje vezu specijalizacije, a to znaci da u filozofskom smislu
potklasa treba da je specijalna vrsta natklase. Ako se pak to previdi i/ili prekrsi, tada u praksi nastaje
ozbiljan problem prilikom polimorfne zamene pretka potomkom. Zbog toga je neophodno uvesti pojam
korektnog nasledivanja i postaviti uslove koje potklasa mora da zadovolji. U ovom radu razmatramo
formalne uslove i na bazi njih formuliSemo rekurzivni algoritam koji omogucava automatsku verifikaciju
nasledivanja na nivou metoda potklase. Nase reSenje se bazira iskljuCivo na predikatskoj logici prvog
reda.

Kljuéne reéi: formalne metode, nasledivanje, objektno-orjentisana programska verifikacija, programska
korektnost
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